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∂(ρu)
∂t
+ div(ρu⊗ u)− div
(
η
(
∇u +∇uT
))
= −∇p+ γHnΣδΣ + f ,
div(u) = 0,
∂ρ
∂t
+ div(ρu) = 0.
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ïyã4ó¼âBòðnäAä&âãó2ïyã¼â.-ýïyä&â nä&âÑòç¿õ&âæèñqôLæ¿âó
v
øﬂâçèã
VT
ôó¼âãö£ïyäå&)+*6âÑê
xˆ ∈ Ωˆ
ô
v(t, Aˆt(xˆ))
ênïLâÑõ
ã¼ïyóênâﬂﬂâã¼êïyãtóAçèýâþﬁnçèæ¿âö£ïyäå)+*nâÑê
x ∈ Ω
ô
v(t,x)
ênïsâÑõ

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âåGä&âBã¼ï þçèã =ïlõ&çèóAç¿ïyãó&ïõAóåGó&âBó¼âBþhâ å  ÷BùDüzöïyäAý\ðnæjåGóAç¿ïyã


±óhç¿õó¼âö£ïyæèæ¿ï þçèã
û
òÑïyð+næ¿âÑê
nä&ïyønæ¿âý"-þhâæ¿ïLï7 ]ö£ïyä	åöðnã¼òóAç¿ïyã
Aˆt : Ωˆ → Ω
åGã¼ê
(u, p)
çèã
V ×M
õAð¼òóåGó
u(t = 0, .) = u0
åGã¼ê 
• ﬃ
¼âöðnã¼òóAç¿ïyã
Aˆt
ç¿õõAýïLïyó åGã¼êÔýÎå0¼õ
Ωˆi
ó&ï
Ωi(t)
'
i = 1
ïyä
2
,
8ﬃ
¼âênïyýÎåGçèã¼õ
Ωi(t)
ïLòÑòð+nç¿âÑêøsñâ åyò ß¼ðnç¿êåGä&â2ósð¼õ	ênâ )¼ã¼âÑê4øñ
Aˆt
åGã¼ê3ó¼âênâã¼õAçèó±ñïGö
ó¼âß¼ðnç¿ê
ρ
ç¿õ	ênâ )¼ã¼âÑê
øsñ
ρ(t,x) = ρˆ(Aˆ−1t (x)) = ρi,
ö£ïyä
x ∈ Ωi(t).
' 9 : ,
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• ﬁ
ïyäåGæèæ
(v, q)
çèã
VT ×MT
ô


d
dt
∫
Ω
ρu · v +
∫
Ω
ρ(u−w) · ∇u · v −
∫
Ω
div(w)ρu · v
+
∫
Ω
η
2
(
∇u +∇uT
)
:
(
∇v +∇vT
)
−
∫
Ω
pdiv(v)
= −γ
∫
Σ
tr(∇Σv) dσΣ − β
∫
∂Ω
(u− ub) · v
+γ
∫
∂Σ
cos(θs)t∂Ω · v dl∂Σ +
∫
Ω
f · v,∫
Ω
q div(u) = 0.
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 3÷ùDüÔöïyäAý\ðnæjåGóAç¿ïyãÎç¿õ#ïyønóåGçèã¼âÑêöä&ïyý+ó¼âõAóAä&ïyã
û
ö£ïyäAý]ðnæjåGóAç¿ïyã ' 9 ,Xô
þçèó ó¼âÎø=ïyðnã¼ê¼åGäAñPòÑïyã¼ê6çèóAç¿ïyã¼õ ': ,
' .,
 ﬁ
ïyä]ýïyä&â4ênâóåGçèæ¿õ ô-þhâÎä&âXöâä\ó&ï 70;hïyä\ó&ï  å0nó&âä :
çèã 70;
 ﬃ
nç¿õênâäAçèílåGóAç¿ïyãç¿õøåyõâÑêïyãtó¼ââñLã¼ïyæ¿ênõóAäåGã¼õﬂïyäAóö£ïyäAý]ðnæjå
'Ù	
ﬀﬂﬁﬀﬃ "!$#&%	(')


ψ *
,+ 

*

.-/0

ﬁ

t

*

+
1'

x 2
 
*
3ﬂﬁ34 "!
#&%	(')


φ
&%5'ﬂ!6"!	 
φˆ 78*
"9


*;:

φˆ(t, xˆ) = φ(t, Aˆt(xˆ)) <



ﬁ
ﬂ= 

*
,+ 

*

>
2@?

!	 A
ﬃB
d
dt
∫
Ω
ψ(t,x)φ(t,x) dx
' 9 .,
=
∫
Ω
φ(t,x)
∂ψ
∂t
(t,x) + φ(t,x)w(t,x) · ∇ψ(t,x) + φ(t,x)div(w(t,x))ψ(t,x) dx.
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ÖãùDâý3ýÎåﬀ9BåGã¼êÎçèãÎó¼âBõ&â43ð¼âæôsó¼âõ åGóAçjåGæ=ê6ç98
âä&âãóAçjåGæ
ï1ﬂâäåGó&ïyä&õåGä&âóå qâã4þçèó
ä&âÑõﬂâÑòóó&ï3ó¼âü#ðnæ¿âäAçjåGãílåGäAçjåGønæ¿â
x  5
âïyý3çèó2ó&ïÎênâã¼ïyó&âónç¿õ2â *næèç¿òçèóAæèñ4ö£ïyä2òÑïyã¼òç¿õ&âã¼âÑõ&õ

ﬃ
¼â )¼ä&õAóhæèçèã¼âBçèã/' 9 ,#ç¿õïyønóåGçèã¼âÑêøñÎý]ðnæèóAç(næèñLçèã
û
ó¼âýÎåGó&âäAçjåGæ
ênâäAçèílåGóAçèíqâçèãó¼âBâ43ðåGóAç¿ïyã
ïyã
u
çèã ' 9 ,øsñ4ó¼âó&âÑõAóöTðnã¼òóAç¿ïyã
v ∈ VT
åGã¼ê çèãó&â
û
äåGóAçèã
û
ï íqâä
Ω

∫
Ω
∂(ρu)
∂t
· v + div(ρu⊗ u) · v =
∫
Ω
ρ
∂u
∂t
· v + ρu · ∇u · v,
=
d
dt
∫
Ω
ρu · v −
∫
Ω
ρw · ∇u · v − div(w)ρu · v + ρu · ∇u · v,
þﬁ¼âä&âþhâð¼õ&âÑêtõAð¼òÑòÑâÑõ&õAçèíqâæèñó¼ââ43sðåGóAç¿ïyãïyã
ρ
çèã ' 9 ,åGã¼ê ó¼âã ' 9 .,
 ﬃ
¼âþhâ å 4öïyäAý\ðnæjåGóAç¿ïyã
ïGöhó¼â.ó&âäAýõçèãíqïyæèíLçèã
û
ó¼ânä&âÑõ&õAðnä&â3åGä&â3òæjåyõ&õ&ç¿ò åGæèæèñïyønóåGçèã¼âÑêﬀøñ:çèãó&â
û
äåGóAç¿ïyã øñ$åGäAó&õ


±óBç¿õ
õAóAäåGç
û
ó8ö£ïyäAþåGä&êﬀó&ï4ïyønóåGçèãó¼âöïyæèæ¿ï|þçèã
û
íyåGäAçjåGóAç¿ïyãåGæIöïyäAý\ðnæjåGóAç¿ïyã:öïyäó¼â]ó&âäAý çèãíqïyæèíLçèã
û
ó¼â
ísç¿õòÑïyð¼õ2õAóAä&âÑõ&õ2åGã¼êtó¼â]õAðnä8ö£åyòÑâó&âã¼õ&ç¿ïyãó&âäAý"
∫
Ω
η
2
(
∇u +∇uT
)
:
(
∇v +∇vT
)
−
∫
∂Ω
σn∂Ω · v −
∫
Σ
γHv · nΣdσΣ.
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âBã¼ï þ ð¼õ&âó¼âõ&ðnä8ö£åyòÑâê6çèíqâä
û
âã¼òÑâöïyäAý\ðnæjå 'õ&âÑâ7 6 ;ﬂü 3sðåGóAç¿ïyã ': , 

  4\ïyä7(9 ;Öô6ü 3ðåú
óAç¿ïyã ':

 ,,
ﬁ
ïyäåGãsñ õAýïLïyó sñ ﬂâä&õAðnä8öåyòÑâ
Σ
çèã
R
d '  åõAðnønýÎåGãnç©ö£ïyæ¿êzïGö
R
d þçèóòÑïsê6ç©ú
ýâã¼õAç¿ïyã
1
,þçèóÔåõAýïLïyó:ø=ïyðnã¼ê¼åGäAñ
∂Σ
åGã¼ê:ã¼ïyäAýÎåGæ
nΣ(x)
åGó ﬂïyçèãó
x
ô
ïyã¼âåyõ 2öïyäåGãñ
õAýïLïyó öTðnã¼òóAç¿ïyã
Φ : Σ → Rd
ô
−
∫
Σ
HΦ · nΣ dσΣ =
∫
Σ
tr(∇ΣΦ) dσΣ −
∫
∂Σ
Φ ·m dl∂Σ,
' 974 ,
þﬁ¼âä&âó¼âõAðnä8öåyòÑâ
û
äåyê6ç¿âãó
∇Σ
ç¿õ2ênâ )¼ã¼âÑêøñ -öïyäåGãsñ õ&ýïsïyóíqâÑòó&ïyä)âæ¿ê
X
ô
∇ΣX = PΣ(x)∇X,
': 6 ,

þﬁ¼âä&â
PΣ(x)
ç¿õ2ó¼âïyäAó¼ï
û
ïyãåGæ nä&ï 3AâÑòó&ïyäïyãó&ïÎó¼âóåGã
û
âãóBõåyòÑâó&ï
Σ
åGóﬂïyçèãó
x

PΣ(x) = Id− nΣ(x)⊗nΣ(x).
ëïyóAç¿òÑâ]óåGóó¼â\õAðnä8ö£åyòÑâ
û
äåyê6ç¿âãóïGö
X
ïyãnæèñênâﬂﬂâã¼ênõBïyãó¼âílåGæèð¼âÑõïGö
X
ïyãó¼â]õAðnä8öåyòÑâ
Σ 
ﬃ
¼â2íqâÑòó&ïyä
m
ç¿õ	ó¼âã¼ïyäAýÎåGæíqâÑòó&ïyähó&ï
∂Σ
çèãÎó¼âóåGã
û
âãóõåyòÑâïGö
Σ
=ïyçèãsóAçèã
û
ïyðnó±þåGä&ênõïGö
Σ
'õ&âÑâ
ﬁ
ç
û
ðnä&â 9 ,
 ﬃ
¼âýâ åyõ&ðnä&â
l∂Σ
ç¿õó¼âùeâø=âÑõ
û
ð¼âýâ åyõ&ðnä&â]ïyã
∂Σ 
 BõAçèã
û
ó¼âõAðnä8öåyòÑâê6çèíqâä
û
âã¼òÑâö£ïyäAý]ðnæjå2' 974 ,Xônó¼âæjåyõAó2ó±þhï3ó&âäAýõçèã ' 9 ,þäAçèó&âÑõ 
−
∫
∂Ω
σn∂Ω · v −
∫
Σ
γHv · nΣdσΣ = −
∫
∂Ω
σn∂Ω · v + γ
∫
Σ
tr(∇Σv) dσΣ
− γ
∫
∂Σ
v ·m dl∂Σ.
':9 ,
5
âã¼ï þ1ð¼õ&âó¼âáëBî ' .,-ó&ïä&âþäAçèó&â2ó¼â )¼ä&õAóåGã¼êæjåyõAó'ó&âäAýõ#çèãó¼â2äAç
û
ó8ú åGã¼êÎõ&ç¿ênâïGö ':9 , 
−
∫
∂Ω
σn∂Ω · v − γ
∫
∂Σ
v ·m dl∂Σ
= β
∫
∂Ω
(u− ub) · v + γ
∫
∂Σ
(m · t∂Ω − cos(θs)) t∂Ω · v dl∂Σ − γ
∫
∂Σ
v ·m dl∂Σ,
= β
∫
∂Ω
(u− ub) · v − γ
∫
∂Σ
cos(θs)t∂Ω · v dl∂Σ,
þﬁ¼âä&âþhâ&åÑíqâð¼õâÑê ó¼âö£åyòóóåGó
v ·m = (v · t∂Ω) (m · t∂Ω) 
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çèóó¼âê6çèíqâä
û
âã¼òÑâBö£ïyäAý]ðnæjå6ônþââæèçèý3çèãåGó&âó¼âýâ åGãòðnäAílåGóAðnä&â
H
'Tþﬁnç¿ò tç¿õê6çÎòðnæèóó&ï
å0+nä&ï4*6çèýÎåGó&â\åGó2ó¼âê6ç¿õ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ﬃ
¼âê6ç¿õ&òä&âóAçèé|åGóAç¿ïyã ç¿õ3øåyõ&âÑêìïyã å2)¼ãnçèó&ââæ¿âýâãóýâó¼ïsê çèãìõ åyòÑâlôåGã¼ê åGã çèý8næèç¿òçèó4ü#ðnæ¿âä
óAçèýâXúÖê6ç¿õ&òä&âóAçèé|åGóAç¿ïyã
 ﬃ
¼âtênïyýÎåGçèã
Ω
n
= Ω
n
1 ∪ Ω
n
2
åGóó¼â4øﬂâ
û
çèãnãnçèã
û
ïGöó¼â
n
úóóAçèýâÑõAó&âﬂDô
þﬁ¼âä&â
Ωni
ç¿õó¼â]ênïyýÎåGçèãﬀïsòÑòð+nç¿âÑêøñtó¼âß¼ðnç¿ê
i
åGóóAçèýâ
tn
ô	næjåÑñ6õó¼â]ä&ïyæ¿â\ïGö#ó¼â]ä&âXöâä&âã¼òÑâ
ênïyýÎåGçèã
Ωˆ = Ωˆ1 ∪ Ωˆ2 
áBçèíqâã:ó¼â]ýâÑõ 
Mn = Mn1 ∪M
n
2
ïGö	ó¼â.ênïyýÎåGçèã
Ω
n
= Ω
n
1 ∪ Ω
n
2
åGã¼êó¼â]íqâæ¿ïLòçèóÖñ
un
ê6ç¿õ&òä&âóAçèé âÑêPçèãzå%)¼ãnçèó&âÎâæ¿âýâãsó.õåyòÑâ4åGóóAçèýâ
tn
ôDþâ4åGçèý ó&ï nä&ï1å
û
åGó&âó¼âÑõ&âóÖþhïçèó&âýõó&ï
óAçèýâ
tn+1
ô6ð¼õAçèã
û
ó¼âþâ å t÷ùDüìöïyäAý\ðnæjåGóAç¿ïyã ' 9 ,


±ã åyênê6çèóAç¿ïyã ó&ï
(Mn,un)
ôæ¿âóÎð¼õ
û
çèíqâïyðnä&õ&âæèíqâÑõ åÔõåyòÑâê6ç¿õ&òä&âóAçèé|åGóAç¿ïyãïGöó¼âênïyýÎåGçèã
íqâæ¿ïsòçèó±ñ
wn
åGóóAçèýâ
tn  5
âBþçèæèæDòÑïyýâøåyò 4ó&ï.çèó&õòÑïyý8nðnóåGóAç¿ïyãøﬂâæ¿ï þô6çèã

âÑòóAç¿ïyã




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â
çèãóAä&ïLê6ð¼òÑâó¼âå0+næèç¿ò åGóAç¿ïyã
An,n+1 :
{
(Ωni )i=1,2 → (Ω
n+1
i )i=1,2
y 7→ x = y + δtwn(y)
,
':  ,
þﬁnç¿ò  ý3ç
û
só3ø=âõ&âÑâãìåyõåGãìå0+nä&ï4*6çèýÎåGóAç¿ïyã1ïGö
Aˆtn+1 ◦ Aˆ
−1
tn
/ﬃ
nç¿õå0+næèç¿ò åGóAç¿ïyã1ênâ )¼ã¼âÑõó¼â
ênïyýÎåGçèãPïsòÑòð+nç¿âÑê:øsñâ åyò :ß¼ðnç¿ê	3åGóBóAçèýâ
tn+1

Ωn+1i = An,n+1(Ω
n
i )
ô=ö£ïyä
i = 1, 2 5
çèó¼ïyðnó
æ¿ïlõ&õBïGö
û
âã¼âäåGæèçèóÖñqô
ó¼â]óAçèýâXúÖõAó&âﬂ
δt = tn+1 − tn
ç¿õBõAð++=ïlõâÑêó&ï4ø=â\òÑïyã¼õAóåGãó


±ãó¼â.õ&â43ð¼âæô
ïyðnäòÑïyãíqâãsóAç¿ïyãç¿õ2óåGó
y
ênâã¼ïyó&âÑõåﬂïyçèãóçèã
(Ωni )i=1,2
åGã¼ê
x
åﬂïyçèãó2çèã
(Ωn+1i )i=1,2 
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An,n+1
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tn+1 ;
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M
n
i
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Ω
n
i
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Ω
n+1
i
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An,n+1 <
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â3òÑïyã¼õAç¿ênâä]å )¼ãnçèó&â3âæ¿âýâãó]ê6ç¿õòä&âóAçèé|åGóAç¿ïyã ïGöhó¼â3ênïyýÎåGçèã
(Ωni )i=1,2 

±óç¿õóAäåGã¼õ=ïyäAó&âÑêﬀøsñ
ó¼âå0+næèç¿ò åGóAç¿ïyã
An,n+1
ó&ïåﬀ)¼ãnçèó&â3âæ¿âýâãsó\ê6ç¿õ&òä&âóAçèé|åGóAç¿ïyãïGöó¼â3ênïyýÎåGçèã
(Ωn+1i )i=1,2 ﬃ
¼â
)¼ãnçèó&â]âæ¿âýâãsóõåyòÑâÑõBåGó2óAçèýâ
tn
ö£ïyä2ó¼âíqâæ¿ïLòçèóÖñåGã¼êtó¼â&nä&âÑõ&õAðnä&â]åGä&â]ä&âÑõ=âÑòóAçèíqâæèñtênâã¼ïyó&âÑê
øñ
Vh,n ⊂ H
1
n
(Ω), Mh,n ⊂ L
2
0(Ω).
ëïyóAç¿òÑâóåGóó¼âÑõ&â")¼ãnçèó&ââæ¿âýâãó õåyòÑâÑõ4ênâﬂ=âã¼êìïyã ó¼âtóAçèýâçèã¼ênâ *
n
ôõAçèã¼òÑâó¼âýâÑõ1ç¿õ
ýï íLçèã
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û
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û
ñÔã¼ïyäAý
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Öã

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û
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âó¼âãê6ç¿õ&òð¼õ&õçèã
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ó¼âóAçèýâXúÖê6ç¿õ&òä&âóAçèé âÑêõAñLõ&ó&âý
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ó¼âøﬂïyðnã¼ê¼åGäAñ ïGö"ó¼âênïyýÎåGçèãç¿õé âä&ï$'
ub = 0
,Xô¼ó¼âõAóåGóAç¿òòÑïyãsóåyòóBåGã
û
æ¿âç¿õ
θs = pi/2
åGã¼êtó¼â
â *Ló&âäAãåGæ	öïyä&òÑâç¿õó¼â
û
äå ísçèó±ñﬀöïyä&òÑâ.
f = ρg
þﬁ¼âä&â
g = −g e3
ênâã¼ïyó&âÑõ\ó¼âÎåyòÑòÑâæ¿âäåGóAç¿ïyãïGö
û
äåÑíLçèóÖñ íqâÑòó&ïyä
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û
â43ðnçèílåGæ¿âãóöïyäAý"


∫
Ω
∂(ρu)
∂t
· v +
∫
Ω
div(ρu⊗ u) · v +
∫
Ω
η
2
(
∇u +∇uT
)
:
(
∇v +∇vT
)
−
∫
Ω
pdiv(v)
= −γ
∫
Σ
tr(∇Σv) dσΣ − β
∫
∂Ω
u · v +
∫
Ω
ρg · v,∫
Ω
q div(u) = 0.
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û
åyõå.ó&âÑõAóöðnã¼òóAç¿ïyã
v = u
ônþâïyønóåGçèã
1
2
d
dt
∫
Ω
ρ|u|2 +
∫
Ω
η
2
∣∣∇u +∇uT ∣∣2 + β
∫
∂Ω
|u|2
= −γ
∫
Σ
tr(∇Σu) dσΣ +
∫
Ω
ρg · u.
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∫
Ω
∂(ρu)
∂t
· u dx =
∫
Ω
∂ρ
∂t
|u|2 dx +
∫
Ω
ρu ·
∂u
∂t
dx,
=
∫
Ω
∂ρ
∂t
|u|2 dx +
1
2
d
dt
∫
Ω
ρ|u|2 dx−
1
2
∫
Ω
∂ρ
∂t
|u|2 dx,
=
1
2
∫
Ω
∂ρ
∂t
|u|2 dx +
1
2
d
dt
∫
Ω
ρ|u|2 dx,
=
1
2
∫
Ω
ρu · ∇(u2) dx +
1
2
d
dt
∫
Ω
ρ|u|2 dx.
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û
ó¼âõ&ðnä8ö£åyòÑâó&âã¼õAç¿ïyãó&âäAýônþhâå íqâlôõAçèã¼òÑâ
w · n∂Ω = 0
ô
d
dt
∫
Σ
dσΣ =
∫
Σ
tr(∇Σw)dσΣ,
=
∫
Σ
tr(∇Σu)dσΣ.
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ä&âæèç¿âÑõïyã ' 974 ,åGã¼êïyãtó¼âö£åyòóóåGó
u · nΣ = w · nΣ
þﬁnç¿òçèý8næèç¿âÑõ2óåGó
u ·m = w ·m 
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û
ó¼â
û
äåÑíLçèóÖñ ó&âäAýônþhâ&åÑíqâ.
∫
Ω
ρg · u = −
∫
Ω
ρg∇x3 · u,
=
∫
Ω
div(ρu)gx3,
= −
∫
Ω
∂ρ
∂t
gx3,
= −
d
dt
∫
Ω
ρgx3,
': 4 ,
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δρ
,
∇ρ = δρnΣ δΣ.
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ö£ïyæèæ¿ï þçèã
û
âã¼âä
û
ñ âÑõ&óAçèýÎåGó&â.
1
2
d
dt
∫
Ω
ρ|u|2 +
d
dt
∫
Ω
ρgx3 + γ
d
dt
∫
Σ
dσΣ +
∫
Ω
η
2
∣∣∇u +∇uT ∣∣2 + β
∫
∂Ω
|u|2 = 0.
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(un, pn) ∈ V ×M  ﬁ
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ó¼â.ênâóåGçèæ¿âÑê nä&ïLïGöõïGö	ó¼âÑõâ\ä&âÑõ&ðnæèó&õ ô
þhâä&âXö£âä2ó&ï 7 4 ;
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ﬃ
¼âÎênâäAçèílåGóAç¿ïyãïGöó¼â4âã¼âä
û
ñﬀâÑõ&óAçèýÎåGó&â4åGó]ó¼âÎê6ç¿õ&òä&âó&âæ¿âíqâæhä&âæèç¿âÑõ\ïyãPó¼â4õ&ïGúÖò åGæèæ¿âÑê
û
âXú
ïyýâóAäAç¿ò3òÑïyã¼õ&âäAílåGóAç¿ïyãÔæjåÑþ '£åGønønä&âíLçjåGó&âÑê ¼âã¼òÑâXöïyäAó åyõ]á ù	ô=õâÑâ%7(96ô :6ô  ; ,þﬁnç¿ò PþäAçèó&âÑõçèã
ïyðnäöäåGýâþhïyä   
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
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
*
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
 A

 ﬃ'

 
wn
!	  "!

#  &ﬁ
(0, 0, wn)
 

φ :

 #&%	(')


*
"9


*

Ωn+1i 2
#)
i = 1

2

!

 "!
	

 'ﬂ!

ﬁ

) 


9 
"!
 
 "!

#)   
?

.-



ﬃB
∫
Ω
n+1
i
φ(x) dx−
∫
Ωn
i
φ ◦ An,n+1(y) dy
= δt
∫
Ωn
i
φ ◦ An,n+1(y)divyw
n(y) dy,
':9 ,
= δt
∫
Ω
n+1
i
φ(x)divx
(
wn ◦ A−1n,n+1(x)
)
dx.
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ü 3sðåGóAç¿ïyã¼õ!':9 ,åGã¼ê ':  ,ò åGãtøﬂâBõ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û
öïyäAý\ðnæjå"öïyä
åGãñõAýïsïyó4öðnã¼òóAç¿ïyã
φ
õAð¼ò  óåGó
φˆ
'ênâ )¼ã¼âÑê øsñ
φˆ(t, xˆ) = φ(t, Aˆt(xˆ))
,	ç¿õhóAçèýâXúçèã¼ênâﬂﬂâã¼ênâãó ô
d
dt
∫
Ω
φ(t,x) dx =
∫
Ω
φ(t,x) divw(t,x) dx,
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û ψ = 1  ﬃ
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û
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 BõAçèã
û
ó¼â\á ùzåGã¼ê óå sçèã
û v = un+1
åyõå.ó&âÑõAóöðnã¼òóAç¿ïyãçèã ':  ,Xô¼ïyã¼âò åGãõ ¼ï þ óåGó 
1
2δt
(∫
Ωn+1
ρ|un+1|2 −
∫
Ωn
ρ|un|2
)
+
1
δt
(∫
Ωn+2
ρgx3 dx−
∫
Ωn+1
ρgx3 dx
)
+
γ
δt
(
|Σn+2| − |Σn+1|
)
+
∫
Ωn+1
η
2
∣∣∇un+1 + (∇un+1)T ∣∣2 + β
∫
∂Ω
|un+1|2
= −
1
2δt
∫
Ωn
|un+1 ◦ An,n+1 − u
n|2
−
δt
2
∫
Σn+1
δρ g(wn+1)2n3
Σn+1
+
γ
δt
(
|Σn+2| − |Σn+1| − δt
∫
Σn+1
tr(∇Σn+1w
n+1)
)
.
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wn
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φ :

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*
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
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Σn+1
 
!


2

#
δt

 &%

'
 
>  ﬀ&ﬁﬀ H  "!	 
1 + δt tr (∇Σn (w
n)) ≥ 0

Σn,
': ,
"!
	  
)'ﬂ!

ﬁ
 
 ﬂ%E'ﬂ!;"!	1
B
∫
Σn+1
φdσΣn+1 −
∫
Σn
φ ◦ An,n+1 dσΣn ≥ δt
∫
Σn
φ ◦ An,n+1tr(∇Σn(w
n)) dσΣn .
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
2

#
δt

 &%

'
 
>  ﬀ&ﬁﬀ    "!	 
1− δt tr
(
∇Σn+1
(
wn ◦ A−1n,n+1
))
≥ 0
 
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∫
Σn+1
φdσΣn+1 −
∫
Σn
φ ◦ An,n+1 dσΣn ≤ δt
∫
Σn+1
φ tr(∇Σn+1(w
n ◦ A−1n,n+1)) dσΣn+1 .
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δt2

 "!



ﬁ


δt→ 0
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.:.: , öïyäåGãñ õAýïLïyó öTðnã¼òóAç¿ïyã
φ
õAð¼ò óåGó
φˆ
'ênâ )¼ã¼âÑê øñ
φˆ(t, xˆ) =
φ(t, Aˆt(xˆ))
,ç¿õóAçèýâçèã¼ênâﬂﬂâã¼ênâãó ô
d
dt
∫
Σt
φ(t, .) dσΣt =
∫
Σt
φ tr(∇Σt(w)) dσΣt .
ﬁ
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û
ñ:âÑõAóAçèýÎåGó&â ':  ,
 ﬁ
çèä&õ&ó ôﬂð¼õAçèã
û
ùDâý3ýÎå 6ôﬂþhâ3ïyø¼õ&âäAíqâ
óåGóó¼â]äAç
û
ó8ú åGã¼êﬀõAç¿ênâ\ç¿õïGö	ïyä&ênâä
δt
þﬁ¼âã
δt → 0  ﬃ
nç¿õç¿õã¼ïyóBåÎõAðnänäAç¿õ&â.õAçèã¼òÑâó¼â\óAçèýâ
ê6ç¿õ&òä&âóAçèé|åGóAç¿ïyãõò ¼âýâç¿õ )¼ä&õ&óïyä&ênâä

ùDâóð¼õã¼ï|þ ê6ç¿õ&òð¼õ&õó¼â3õAç
û
ãPïGöhó¼â3äAç
û
só8ú åGã¼ê õAç¿ênâ3ïGö':  ,

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âþçèó¼ïyðnóø=ïLê6ñ
öïyä&òÑâÑõ 
g = γ = 0
ô"çèó\ç¿õ.ã¼ïyã =ïlõAçèóAçèíqâ
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